This paper is concerned with an inverse problem involving a two-phase moving boundary in two dimensional solidification of pure substance. Using a unique continuation result due to Saut and Schcurer we prove a uniqueness result.
Introduction
Solidification is one of the important phase transitions within the context of metal processing [4] [5] [6] . It is necessary to distinguish between the solidification of azure liquid, and the solidification of a mixture of liquids (alloy). Crystal growth from a pure liquid is important for semiconductor processing, whereas solidification of mixtures creating alloys is important for whole mechanical engineering. The term "pure substance" is an idealization which allows to neglect the mass diffusion process. In the consequence, solidification is driven by the temperature evolution only.
Many studies of inverse problems, in phase change, have been devoted to the control. It consists of searching for the boundary conditions in order to generate a prescribed interface. But, fewer results are available for the interface identification problem considered here [7] [8] [9] [10] . In this paper we consider an identification problem of a particular moving boundary problem (twophase Stefan problem): the isothermal interface, between the solid phase and the liquid phase the phase. In this case, the system modelling includes both liquid and solid phases. It consists of connecting the physical sizes observed and the position of the interface. The boundary conditions on the liquid side are hard to measure in practice. For example, in the case of welding, in addition to the thermal conduction, the electro-magnetic forces and surface tension can intervene. To overcome this difficulty one usually uses simplified models in the liquid part. In this note we consider the following boundary inverse problem.
We use the following notations:
moving boundary between the two phases.
Let Ω ⊂ R 2 be a bounded domain where the phase transition occurs, Ω l (t), Ω s (t) liquid and solid subdomain, respectively (see Fig. 1a 
The inverse problem IP is:
We will assume that the function a(x, t) satisfies
and the moving boundary Γ (t) is admissible, that is:
is a domain in which the (weak) Divergence theorem [10] holds.
, where n Γ is the outer normal to solid subdomain at point (x, t).
is a solution of (1) provided 
Preliminaries
In this section we present the tools we need in order to prove the theorem. We assume thatt is an arbitrary positive fixed number from the time interval. To prove uniqueness for t <t let us begin with a standard result.
) is a solution of the following problem
Then u = 0 in Ω s (t ) (see Fig. 1b ).
Proof. Since u ∈ H 1 ((0, ∞); H 2 (Ω s (t )))
, it follows that (7) holds almost everywhere. Now multiply (7) by u and integrate over (Ω s (t )) to obtain
We can apply the Divergence theorem in Ω s (t ) to deduce that the right hand side of (10) is equal to
So from (8), (9) and (6) we infer Ω s (t ) u 2 (x, t)dx is non-increasing as a function of t. Therefore
Hence from (8) we deduce u = 0 in Ω s (t ).
Corollary. Let u be as in Lemma
because of Lemma 1 and (iii). Therefore the trace of ∂u ∂n Γ (t ) vanishes almost everywhere on Γ (t ), see [1] .
The proof of the theorem depends on a unique continuation result from [3] ; but first the following
Definition. Suppose O = D × (−t,t ) andÔ is a subset of O. The union of all open segments t = constant in O which contain a point ofÔ is called the horizontal component ofÔ.

Lemma 2. Let Ω be a connected open set in R n and Q = Ω × (−t,t ). Let u ∈ H 1 ((−t,t ); H 2 loc (Ω)) be a solution to (1). Suppose also that u vanishes in some open setQ ⊆ Q. Then u vanishes in the horizontal component ofQ.
Main results
In this section we present the main result including the proof of the Theorem.
Lemma 3. Suppose u ∈ H 1 ((0,t ); H 2 (Ω)) is a solution to (1). Suppose also that u satisfies
Then w solve problem (1) and (11) in Ω × (−t,t ).
Proof. Let us fix ξ ∈ C ∞ 0 (Ω × (−t,t ) ). We must show
From the definition of w, it suffices to prove
It is clear that (14) readily follows once we prove the following identity
Since u is a solution of (1) and material parameters ρ, c are constant. Let us begin with calculating
Since ξ has compact support and u| t=0 = 0, we obtain
Next we calculate
So by application of the Divergence theorem we obtain
a∇u.∇ξ dx dt.
Since ξ has compact support and u| Γ (t ) = 0, we obtain
Once again by applying the Divergence theorem to the integral on the right hand side of (18), also recalling that
Therefore (15) follows from (17) and (19).
We are now ready to give Proof of Theorem. Suppose IP has two solutions (u 1 , u Ω 1 ) and (u 2 , u Ω 2 ). Set u = u 1 − u 2 ; then u ∈ H 1 ((0,t ); H 2 (Ω)) is a solution of (1). Moreover u| t=0 = 0, x ∈ Ω, u| ∂Ω s (t ) = 0.
Therefore by Lemma 1, u = 0 in Ω s (t ) × (0,t ). Hence by Lemma 3, the function w as defined in (12) is a distributional solution of (1) in Ω × (−t,t ). Thus by a standard regularity theory, see for example [2] , it follows that w ∈ H 1 ((−t,t ); H 2 loc (Ω)). Now we can apply Lemma 2 to conclude that u = 0 in Ω × (0,t ). Sincet > 0 is arbitrary we deduce that u = 0 in Ω × (0, T ). This is indeed the desired result.
